We describe heavy baryons as bound states of a quark and a diquark. For this purpose we derive the Faddeev equation for baryons containing a single heavy quark from a NambuJona-Lasinio type of model which is appropriately extended to include also heavy quarks. The latter are treated in the heavy mass limit. The heavy baryon Faddeev equation is then solved using a static approximation for the exchanged quark.
Introduction
The physics of hadrons with one heavy quark coupled to some light degrees of freedom becomes much simpler in the heavy quark limit due to the arising heavy flavor and spin symmetries. The basic concepts have been worked out within the past few years [1] (see also [2] for recent reviews). The heavy quark symmetries are realized approximately as long as the heavy quark mass m Q is much larger than a typical QCD scale, m Q ≫ Λ QCD , which is the case for Q = b, c. Phenomenologically, they result in an approximate degeneracy of heavy hadrons differing only in the heavy quark spin, and in a definite scaling behavior of observables with the heavy quark masses. Since the heavy quark inside the hadron has to be almost on-shell, it is useful to reformulate the heavy quark dynamics in terms of the off-shell momentum k = p − m Q v, where p is the total momentum and v the four-velocity (v 2 = 1) of the heavy quark, with k 2 ≪ m 2 Q . Furthermore the heavy quark spinor is split into large and small components by means of the projection operators . In the heavy mass limit (m Q → ∞) only the large component
survives, and the heavy quark part of the QCD Lagrangian reads
where D µ is the covariant derivative of the strong interaction. Note that the heavy quark's velocity v µ is a conserved quantity in the infinite mass limit. The operator (iv·D) is obviously insensitive to spin and flavor quantum numbers of the heavy quark, therefore the corresponding hadron properties are determined by the light quarks only. The systematic expansion of QCD in powers of 1/m Q results in the so-called Heavy Quark Effective Theory (HQET) [3, 4] . Recently, the ideas of HQET have been successfully extended to the sector with two heavy quarks (Heavy Quarkonium Effective Theory [5] ). Heavy fermion effective field theory techniques are also employed to derive a consistent expansion scheme for baryon chiral perturbation theory with SU(3) F flavor symmetry [6] . Although HQET provides the tool for calculating the perturbative QCD corrections to shortdistance processes, one is left with the non-perturbative features of QCD that lead to the formation of hadrons (containing also light quarks) at low energies. As is well known, the low energy properties of light quark systems are dictated by the approximate chiral symmetry of QCD and its spontaneous breaking. The interplay of heavy quark symmetries and chiral symmetry has been formulated in terms of effective lagrangians for heavy meson fields [7, 8, 9 ]. An effective theory describing the low-energy interactions of heavy mesons and heavy baryons with Goldstone bosons π, K, η was discussed in ref. [10] . Their results were applied to strong and semileptonic decays using spin wave functions of a non-relativistic quark model. The construction of chiral perturbation theory for heavy hadrons is also discussed in ref. [11] where the chiral logarithmic corrections to meson and baryon Isgur-Wise functions are given. In ref. [12] (see also [13, 14] ) we have presented an extension of the NJL quark model, consistent with chiral symmetry for the light quarks and the heavy quark symmetries, from which we derived an effective heavy meson lagrangian and predicted its parameters. In the present paper we shall use this model for the description of heavy baryons. The formation of baryons as bound states of quarks can be studied in general in two complementary pictures. One is based upon the limit of infinite number of colors (N C ) in QCD, where baryons arise as solitons of the meson fields [15] . In fact, heavy baryons have been recently [16] described as a bound state of a chiral soliton and a heavy meson within the extended (bosonized) NJL model of [12] . This so-called bound state approach [17] has also been applied to a description of heavy baryons within the Skyrme model [18] . In ref. [19] , the large N C limit has been analyzed and an induced algebra with respect to the spin-flavor symmetry was derived. This model-independent approach was illustrated in the non-relativistic quark model and the static SU(2) chiral soliton model. Furthermore, in ref. [20] a new formalism for treating baryons in the 1/N C expansion, based on an analysis of quark-level diagrams, has been given.
On the other hand, for finite number of colors (N C = 3), two of the three quarks in a baryon are conveniently considered as diquarks. Then baryons can be described as bound states of quarks and diquarks, resulting in Faddeev type of equations [21, 22, 23] . Here diquarks play a similar role as the constituent quarks, i.e. they serve as effective (colored) degrees of freedom for the low energy dynamics inside the hadron.
In ref. [22] the phenomenologically successful Nambu-Jona-Lasinio model has been converted into an effective hadron theory, where meson and diquark fields are built from correlatedqq andpairs, respectively, and baryon fields are constructed as bound quark-diquark states. This approach, which is fully Lorentz covariant, also allows to study the connection between the soliton and the quark-diquark picture of baryons as well as the synthesis of both pictures [24] .
In this paper we will apply the above mentioned NJL model with heavy quarks to a quarkdiquark description of heavy baryons in lowest order of the (1/m Q ) expansion. For this aim we will generalize the hadronization approach of ref. [22] to the lowest-lying baryon states containing a single (infinitely) heavy quark, given by the following flavor multiplets [25, 26, 27] : i) Three spin-1/2 baryons where the light quark spins are coupled to zero and which transform as 3 F with respect to the light flavor group SU(3) F , represented by the antisymmetric matrix:
Here v µ is the (conserved) velocity of the heavy baryon, and (1 + v /)/2 is a projector on the large components of the baryon spinor. The two spin orientations of the spinors form the (in this case trivial) spin-symmetry partners.
ii) Six spin multiplets containing a spin-1/2 baryon B v and a spin-3/2 Rarita-Schwinger field B * v µ transforming as 6 F under SU(3) F :
Heavy flavor symmetry leads then to a degeneracy of the residual masses ∆M = M − m Q for different heavy flavors. The paper is organized as follows:
In section 2 we define our model which follows from the extended Nambu-Jona-Lasinio model of ref. [12] by keeping those parts relevant for the formation of heavy baryons. Furthermore, using the above quoted hadronization approach our model is transformed into an effective theory for heavy baryons. The resulting Faddeev equation is analyzed in section 3, where we also introduce some approximations which facilitates its numerical solution. Numerical results for the heavy baryon masses are presented in section 4. Some technical details are relegated to the appendices.
2 NJL model with heavy quarks
Quark lagrangian and generating functional
Let us consider a QCD-motivated NJL model with color-octet current-current interaction:
where j . This interaction can be Fierz-rearranged so that it acts only in the attractive color singlet quark-antiquark and color anti-triplet quark-quark channels [22] . These channels can be considered as the physical ones in the following sense: Mesons are built up from color singlet quark-antiquark pairs, while in a baryon two of the three quarks form a color anti-triplet state.
The interaction is chirally invariant. For the light quark flavors, the quark-antiquark interaction leads to a spontaneous breaking of chiral symmetry, which is accompanied by a dynamical generation of a constituent quark mass [28] . Further contributions from the mesonic sector will not be taken into account for the calculation of heavy baryons. Our effective (constituent) quark lagrangian is then defined by:
where L int represents the diquark correlations arising from the Fierz transformation of L int N JL (6). Since we are interested in baryons with a single heavy quark we will keep only the light-light and light-heavy diquark correlations, i.e. we ignore diquark correlations with two heavy quarks. Then the diquark interaction 1 reads:
Here, q c andq c are the charge conjugated spinors, given in the Dirac representation by
Furthermore, the vertices Γ of the diquark currents are defined by: 
Hadronization
Our aim is to convert the quark theory defined by (7) into an effective theory of heavy baryons. For this purpose we follow the hadronization approach of [22] , where baryon fields were built from diquark and quark fields.
Baryons with a heavy quark can be constructed from either a light diquark and a heavy quark or a heavy diquark and a light quark. Therefore we introduce both types of diquark fields into the generating functional
with the help of the following identities 3 :
Note that the heavy diquark field
, s transforms as a triplet under SU(3) F . Analogously, we also introduce two different baryon amplitudes for the heavy baryons: A baryon field amplitude X v built up from a light diquark and a heavy quark (X v ∼ (q c q) Q v ) and an amplitude Y v constructed from a heavy diquark and a light quark (Y v ∼ (q c Q v ) q). These fields are introduced again by inserting the following identity into the generating functional:
In the following we will refer to the diquark fields simply as light and heavy diquarks, respectively. 3 We have defined the conjugated fields in such a way that (∆ Γ γ 0 ) † := ∆ † Γ γ 0 . Since some of the O a are anti-hermitian, the respective diquark fields behave likewise, leading to an unusual phase convention. As usual irrelevant normalization factors in front of functional integrals are omitted. The numerical factors 1/2, 4G 1 , 2G 3 in eqs. (9)- (12) have been introduced for later notational convenience. In order to keep notations transparent, we sometimes write instead of d 4 x etc. Owing to the δ-functionals in (9)- (12), we can replace the quark bilinears in the interaction (7) by the fields κ, κ v and κ † , κ † v , resulting in a lagrangian which is bilinear in the quark fields. After integrating out the quark fields as well as the auxiliary fields κ, we obtain an effective theory in terms of the diquark fields ∆, ∆ v and the baryon fields
). This effective baryon theory is highly non-local and we will work it out in the low-energy regime. Since we are interested in the description of individual baryons we expand the corresponding effective action up to second order in the baryon source fields
v . This yields (see appendix A for more details):
For this purpose we have defined the inverse of the light and heavy quark propagators as:
with the abbreviations ∆ :
The symbol Tr denotes the trace over coordinate space and flavor, color and Dirac indices. The entries for the matrix G B are of 0 th order in the baryonic fields X v and Y v , but still contain all orders of quark-diquark contributions, see (A.7), (A.8). After the Gaussian integration over the auxiliary baryonic fields X v and Y v , the matrix G B can be identified as the propagator for the baryon fields X v and Y v .
Derivation of the baryon propagator
To obtain the effective theory of the heavy baryon fields, we have to integrate out the diquark fields ∆. This can only be done in an approximate fashion due to the presence of the quark loops coupling to the diquark fields in the effective action (13) . First we derive the free diquark propagators D, D v in leading order of the loop expansion, i.e. we expand the term Tr log (1 − g ∆g ∆ † ) in (13) up to second order in the diquark fields. This yields:
for light and heavy diquarks, respectively, with (g 0 ) ii ′ (x, y) := (i∂ / x − m i ) −1 δ(x−y) δ ii ′ denoting the free light quark propagator. The diquark polarization tensors (the terms in the square brackets) are calculated in appendix B and graphically depicted in Fig. 1 . Note that the heavy diquark propagator is a diagonal flavor matrix,
Figure 1: Diquark polarization tensors for light and heavy diquarks, generated by the loop expansion of the quark determinant. Now the functional integration over ∆ and ∆ † will be performed in leading order of the cluster expansion [29] :
where the functional average over the diquark fields is defined by:
Obviously, the diquark propagators (16) and (17) are then given by:
Now we are left with the task to evaluate the functional average G B over the diquark fields.
With the help of Wick's theorem this functional average can be reformulated into the sum over all possible contractions of the diquark fields in G B into free diquark propagators ∆∆ † . Hereby, diagrams with an arbitrary number of intermediate diquark propagators arise. This reflects the fact that even in the constiuent quark model the baryon is in principle a many-particle system, as soon as the Dirac sea is included. In the following, we will only keep the simply nested exchange diagrams shown in Fig. 2 . Here the first diagram describes the independent propagation of a quark and a diquark. A consistent treatment requires to include also the corresponding exchange diagram shown in Fig. 3 . Notice that there arise also self-energy corrections for the quark propagator due to inserted diquark propagators which can be absorbed into the constituent quark mass. Moreover, there emerge higher order contributions to the exchange diagram in Fig. 3c ) due to corrections to the quark-diquark vertex (see Fig. 4a ). A consistent treatment of the baryon would then require a) b) Figure 4 : a) A typical higher-order correction to the quark-diquark vertex. b) Corresponding higher-order correction to the diquark propagator, which is discarded in this paper.
to include the same correction into the diquark propagator. This complicated procedure which goes beyond the one-loop expression for the diquark propagator is clearly outside the scope of this paper.
Let us remark that in the case of light quarks the class of diagrams shown in Fig. 2 just represents the minimal subset of diagrams which is required to fulfill the Pauli-principle in the quark-diquark picture of baryons [22, 24] . The above series of diagrams defines a kind of ladder approximation which in the next step will be summed up to yield a Faddeev type of 3-body amplitude. Hereby, the presence of both light and heavy diquarks induces a 2×2 matrix structure. Therefore, we introduce the matrix of the free quark-diquark propagation
Here, g v and g 0 denote the free propagators of heavy and light constituent quarks, respectively. Now we define the interaction matrix H, whose elements mediate the transitions X v ↔ Y v and Y v → Y v . As can be read off from Fig. 2 by straightening the diquark lines, these transitions are mediated by quark-exchange. In Fig. 5 the elements of H are depicted graphically. We have: Figure 5 : Elements of the interaction matrix H.
Note that H Y Y formally mediates the exchange of the heavy quark. With the above definitions of G and H, the baryon propagator defined by the series of diagrams shown in Fig. 2 becomes:
It has the standard form of a Faddeev type of 3-particle propagator.
The Faddeev equation
Baryon masses are given by the poles of the baryon propagator (23) , which results in a Faddeev type of equation for the baryon wave functions: For the solution of this equation it is convenient to switch to momentum space. Denoting the total momentum of the baryon (with m Q v subtracted according to the phase factor in (1)) by p and the relative momentum by 2q, 2k, respectively, we obtain (see Fig. 6 ):
Here p + and p − are abbreviations for (p/2 + q) and (p/2 − q), respectively, and k stands for d 4 k/(2π) 4 . Note that in momentum space one hasg 0 (k + q) = C † g T 0 (−(k + q))C (here, the transpose refers to Dirac indices only). In the following, we will restrict ourselves to the lowest lying diquark states, namely the scalar and axial-vector diquark channel.
Furthermore, we will not perform a full dynamical calculation of the Faddeev amplitudes, which would require a tremendous amount of numerical work. Instead, we will consider the diquarks as point-like bosons. This reduces the Faddeev equation (25) , (26) 
, with masses M = M s , M a and wave function renormalization factors Z = Z s , Z a , where the indices refer to scalar and axial-vector diquarks, respectively. Accordingly, for the heavy diquarks we use the propagator of a free bosonic field which has been subject to the heavy quark transformation (1):
Here, ∆M = M −m Q is the residual diquark mass and Z denotes the wave function renormalization factor. The heavy scalar and axial vector diquarks are degenerate due to the heavy quark spin symmetry. The diquark masses and Z-factors appearing in the above expressions are calculated using eqs. (16) and (17) (see appendix B for details). Numerical values are given in section 4. The color structure of the interaction matrices H can conveniently be rewritten in terms of the color projection operators onto singlet and octet states:
Then eqs. (25), (26) can be shown to decouple in color space and the parts describing the relevant color singlet amplitudes can be identified.
In the case of exact flavor symmetry, the flavor structure of eqs. (25), (26) is trivial, since all propagators are proportional to the unit matrix in the (light) flavor space. Then the flavor matrices t a ij connected with the fields X a project out either the symmetric (6 F ) or the anti-symmetric (3 F ) flavor part of Y ij , respectively, which leads to a total decoupling of 6 F and3 F amplitudes. The explicit breaking of the SU(3) F flavor symmetry induces a mixing of these amplitudes. As a first approximation we will keep the flavor structure in the kernel of eqs. (25) , (26) , but neglect the mixing effects for the amplitudes. The error involved is of first order in (m s − m u ) for the baryon wave functions, i.e. of second order for the mass spectrum.
Furthermore, we are interested only in ground state baryons, which are given by s-wave (quarkdiquark) amplitudes as discussed in [27] . For s-wave baryons, the transversal momentum of the exchanged quark should be of minor importance and will be neglected. This approximation implies the replacement:
where the relations
Γ v were used. Now we insert (27) into eqs. (25), (26) and perform the integration over the relative momentum q, defining X (p) = q X v (p, q) and q) . This leads to a decoupling of the terms , and the transversality condition (4) is fulfilled (see [27] for more details about these conditions).
Finally, linear combinations of the baryon amplitudes have to be found which are eigenstates of projection operators onto spin 1/2 and spin 3/2. For this purpose, we introduce the following set of spin projection operators:
Here, [3/2] P µν projects onto spin 3/2 while t µ t ν projects onto the part of spin 1/2 which is transversal with respect to v µ . The Dirac structure in (25) , (26) stemming from the interaction vertices can now be rearranged as
The system of integral equations (25), (26) can then be diagonalized with respect to the spin structure by introducing the following linear combinations:
and
Note that in the case of The fact that the system is now diagonal with respect to the flavor and the spin content shows that the Pauli principle (which was inherent in the amplitude X v containing the light diquark) is established dynamically in the amplitude Y v . As shown above, the physical baryon which will be a linear combination of X v and Y v , always has a definite relation between flavor and spin quantum numbers.
Numerical results
Even with the simplifications introduced in the previous section, a complete solution of the resulting coupled integral equations for the baryon amplitudes X v (p), Y v (p) would be a rather complicated numerical task. To get a first rough estimate of the baryon spectrum, we apply an even stronger final approximation which has proven to work quite well in the light baryon sector (compare [30, 31, 32] ). This approximation implies the neglect of the total momentum dependence of the exchanged quark in H, i.e. g 0 (k) → −1/m with m being the light quark mass, and is referred to as a static approximation. Here, we will use the same approximation also for the propagator of the exchanged heavy quark, since, as can be seen from eq. (27) , it differs from the light quark propagator only by a constant shift in the relative momentum of the amount mv µ . This shift can be absorbed into the definition of the wave functions entering eqs. (25) , (26) .
With these approximations for the exchanged quarks, the integral equations (25), (26) for the baryon amplitudes become a set of completely decoupled algebraic equations for the masses of spin 1/2 baryons in the3 F representation and for those in the 6 F representation, the latter including the spin 3/2 baryons. The final equations are of the form
where F ij (vp) and F
[s]
ij , s = 1/2, 3/2, defined in appendix B, are integrals over the relative momentum of the quark and diquark propagators. These integrals are UV-divergent. In a complete analysis of eqs. (25), (26), the integration over the relative momentum q would be limited to the width of the wave-function appearing in the integral, which would render the integration UV-finite (compare e.g. [33] ). Here, we will employ an UV-regularization for the quark-diquark relative momentum integrals, where for simplicity the same method will be used as in the calculation of the diquark masses (see appendix B).
The usual NJL model parameters are fixed in the light pseudoscalar meson sector and the light baryon sector. For the latter we refer to the NJL model calculation in [31] . In this work, a constituent mass of m u = m d = 450 MeV was used, from which the NJL cut-off and the strange quark constituent mass are calculated by a fit to the light meson spectrum, resulting in Λ = 630 MeV and m s = 650 MeV. Moreover, there it was found that the coupling constant for the light axial vector diquark has to be increased relative to that of the scalar sector: G 1a = 1.5 G 1 . In the following, the value of the coupling constant in the heavy sector G 3 is left equal to that of G 1 . For convenience, the corresponding mesonic coupling constant G meson = 19.4 Λ −2 from the above fit is used as a normalization for G 1 .
First, some diquark masses for different values of G 1 are presented in Table 1 . The results for the masses of heavy diquarks are similar to those of heavy mesons [12] .
In Fig. 7 , diquark masses and residual masses of the non-strange heavy baryons Λ Q and Σ Q The following masses of charmed baryons have been determined so far [34, 35] :
In the bottom sector only the data for Λ b (5641) [34] is reliable up to now.
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Our results in Table 2 were obtained without changing the parameter set 8 used for the calculation of light meson and baryon spectra in [31] . For a value of G 1 = 1.3 G meson , the mass splittings Σ c − Λ c and Ξ c − Λ c obviously agree quite well with the experimental data. Note that the (preliminary) result Σ b − Λ b = 173 MeV [36] equals the corresponding mass splitting in the charmed sector. The Ω c − Λ c splitting comes out somewhat too large, whereas the splitting Ξ * c − Ξ c is somewhat too small. However, our calculation without 1/m Q corrections cannot account precisely for the mass splittings within the 6 F multiplets. Using spin-weighted averages for these multiplets (with preliminary results or estimates [37] for the candidates not yet determined) would significantly improve our predictions for {Ξ ′ , Ξ * } and {Ω, Ω * } (whereas the prediction for {Σ ′ , Σ * } would probably be somewhat too small then). But a definite analysis requires more reliable experimental data, and perhaps even a re-analysis of the so far performed classification of heavy baryon states [38] . 7 There is first experimental evidence for Σ b (5814) and Σ * b (5870) [36] . 8 For comparison, also results for G 1 = 1.4 G meson are shown. Table 2 : Heavy baryon mass splittings in MeV. The NJL coupling constant G 1 , which triggers the diquark properties, is given in units of the coupling constant of the (light) pseudoscalar meson sector.
Summary and outlook
In this work we have derived the Faddeev equations for heavy baryons in the quark-diquark picture, starting from a current-current interaction of the NJL-type model, where heavy quarks have been included in the heavy mass limit. After extensive use of functional integration techniques, the baryon propagator has been obtained as a series of quark exchange diagrams, which could be summed up to yield the bound state equations for the baryon wave functions.
An essential feature of our approach is that two different types of quark-diquark configurations contribute to the baryon wave functions: One, where a heavy quark is coupled to a light diquark, and the other where a heavy diquark is coupled to a light quark. The properties of the heavy diquark are also fixed by the underlying NJL model and discussed in some detail, showing a similar mass pattern as in the case of heavy mesons.
For a further analysis of the baryon bound state equations, we approximated the diquarks as point-like particles, which reduces the Faddeev equations to effective Bethe-Salpeter type of equations. In an s-wave approximation (that means in our case to neglect the transversal momentum part of the interaction), the Bargmann-Wigner condition and the transversality condition for the heavy baryon wave functions are fulfilled exactly. Projecting onto color singlet states and defining the proper spin projections, we then observe a decoupling of the equations for suitably chosen linear combinations of wave functions. They describe the predicted multiplets of heavy quark spin symmetry: the lowest-lying spin 1/2 state (a3 F multiplet in the light flavor's SU(3) F ) and the spin 1/2 state (a 6 F multiplet) which is degenerate with the spin 3/2 state.
The Pauli principle for the two light quarks inherent in the light diquark system is established dynamically for the baryon wave functions: We have shown that in the SU(3) F limit baryonic states (with definite spin) where the light quarks are in the3 F -representation do not mix with those states where the light quarks belong to the 6 F multiplet. This feature is preserved even if SU(3) F breaking is included in leading order.
For a numerical estimate of the mass spectrum, a static approximation for the quark-diquark interaction was found, which treats both heavy and light quark exchange on an equal footing and leads to analytically solvable equations. By applying a parameter fit obtained from the light baryon spectrum, we then arrived at reasonable masses for the ground state heavy baryons.
As we have shown in ref. [39] , the quark-diquark picture is also useful to estimate the coupling of heavy baryons to pions and weak heavy quark currents, defining the Isgur-Wise form factors. The results of the present work are to be extended in this direction in the future. 
A Deriving the effective baryon lagrangian
After inserting the functional constants (9)-(12) into the generating functional, the effective action reads:
The heavy quark fields are removed from the generating functional by a simple Gaussian integration. For the terms containing light quark fields we employ the Nambu-Gorkov formula:
were in our case the components read: is always present next to a Q v or X v field. The effective action now reads:
+ T r log S Expanding this expression up to second order in the baryon fields, we obtain the entries for the matrix G B defined in (13) as given by
B Calculation of integrals in the proper-time scheme
As far as the integrals (in momentum space) for the diquark propagators (16) and (17) are concerned, the proper-time regularization procedure is applied to the quark determinant appearing in (13) , such that Ward-Identities are respected. The essential techniques are outlined in [40] . For the integrals with one heavy and one light particle in the loop, the basic replacement reads (after Wick- The masses for the light axial vector diquark are presented in Table 1 in the text. Note that the polarization tensor for the heavy diquarks is very similar to those for heavy mesons [12] . In momentum space we obtain (see (17) ): The heavy diquark masses following from this can also be found in Table 1 in the text.
B.2 Baryonic self-energy integrals
The baryonic self-energy integrals which were used for estimating heavy baryon masses in (32) are defined as following: 
